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Devwudfw

Wklv qrwh ghulyhv wkh qrupdo htxdwlrqv dqg irupdo huuruv iru vlqjoh edvholqh HRS1 Vlqfh dq|

pxowl0edvholqh h{shulphqw fdq eh exlow xs iurp d vhw ri vlqjoh0edvholqh h{shulphqwv wkhvh uhvxowv

duh txlwh jhqhudo1 Zh h{dplqh zlwk sduwlfxodu lqwhuhvw wkh fdvh zkhuh doo ri wkh vwdwlrqv olh rq

d juhdw flufoh/ vr wkdw wkh edvholqhv duh frsodqdu1 YOEL oruh kdv lw wkdw wklv lv d edg qhwzrun1

Zh vkrz wkdw wklv lv qrw wkh fdvh1

4 Lqwurgxfwlrq

Lq wklv qrwh L ghulyh dqdo|wlf irupxodv iru wkh HRS irupdo huuruv dv d ixqfwlrq ri edvholqh jhrphwu|1
Lq rughu wr gr wklv/ L pdnh wkh iroorzlqj vlpsoli|lqj dvvxpswlrqv1 4, Wkh vn| lv xqlirupo| vdpsohg>
5, Wkh qxpehu ri revhuydwlrqv lv odujh> 6, Wkh revhuydwlrq huuruv duh lqghshqghqw ri wkh revhuydwlrq1
Wklv doorzv ph wr uhsodfh ydulrxv vxpv e| lqwhjudov zklfk fdq eh grqh h{dfwo|1

L vwduw e| orrnlqj dw d vlqjoh0edvholqh h{shulphqw rq wkh htxdwru L ghulyh wkh qrupdo htxdwlrqv/
dqg wkh irupdo huuruv iru wkh HRS frpsrqhqwv1 L wkhq vkrz krz wklv uhvxow fdq eh zulwwhq iru dq
duelwudu| edvholqh lq whupv ri wkh �OWY� edvholqh xqlw yhfwruv1 Vlqfh dq| YOEL phdvxuhphqw fdq
eh frqvlghuhg wr eh d vxp ri vlqjoh edvholqh h{shulphqwv/ wklv doorzv ph wr ghwhuplqh wkh irupdo
huuruv iru dq duelwudu| YOEL qhwzrun lq sulqflsoh1

Wkh odvw wklqj L orrn dw lv wkh HRS ghwhuplqhg e| d uhjxodu sro|jrq1 Wkhuh lv dq rog vdz lq
YOEL HRS flufohv lv wkdw |rx fdq*w ghwhuplqh HRS yhu| zhoo li doo vwdwlrqv olh rq d flufoh1 L vkrz
wklv lv zurqj e| orrnlqj dw wkh fdvh ri 6 vwdwlrqv rq wkh yhuwlfhv ri dq htxdodwhudo wuldqjoh/ dqg
Q0htxdoo| vsdfhg vwdwlrqv rq d juhdw flufoh1

5 Vlqjoh Edvholqh HRS

Lq wklv vhfwlrq L ghulyh wkh irupdo huuruv iru vlqjoh edvholqh HRS1 Iru vlpsolflw|/ L dvvxph wkdw
wkh wzr vwdwlrqv duh rq wkh htxdwru/ dqg duh sodfhg v|pphwulfdoo| dw orqjlwxghv 	k
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frruglqdwhv duh jlyhq e|=
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L fdq ghulyh wkh uhvxowv iru rwkhu vwdwlrqv dw rwkhu orfdwlrqv e| d vlpsoh wudqvirupdwlrq ri wkh

qrupdo htxdwlrqv1 Wkh edvholqh yhfwru lv wkhq=
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khqfh UK, @ 5U vlq�1 Wkh xqlw yhfwru lq wkh gluhfwlrq ri vrph vrxufh lv
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zkhuh � lv wkh odwlwxgh/ dqg * wkh orqjlwxgh1 Iurp wkh vlwh yhfwru dqg wkh vrxufh yhfwru lw lv hdv|

wr frqvwuxfw wkh orfdo hohydwlrq dqg d}lpxwk dqjohv1 Wkh vlqh ri wkh hohydwlrq lv jlyhq e|=
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Wkh frqglwlrq wkdw d vrxufh eh ylvleoh lv wkdw vlqHO � 31 Dfwxdoo|/ zh grq*w xvxdoo| revhuyh grzq

wr wkh krul}rq1 Lqvwhdg zh revhuyh grzq wr vrph plqlpxp hohydwlrq1 Khqfh wkh revhuydwlrqv wkdw

zh xvh vdwlvi| wkh frqglwlrq=
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Lq rughu wr xvh d jlyhq vrxufh lw pxvw eh deryh wkh hohydwlrq olplw dw erwk vlwhv1 Iru vlpsolflw| zh

dvvxph wkdw erwk hohydwlrq olplwv duh wkh vdph1 Wkhq zh fdq revhuyh d vrxufh dw erwk dqwhqqdv

li erwk ri wkh iroorzlqj frqglwlrqv krog=
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Wkh YOEL ghod| lv prghohg dv=
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D urwdwlrq fdq eh vshfl�hg e| d wkuhh yhfwru �$$ zkhuh wkh �uvw frpsrqhqw jlyhv wkh ghod| derxw

wkh {0d{lv/ hwf1 Xqghu dq lq�qlwhvlpdo urwdwlrq wkh ghod| wudqvirupv dffruglqj wr=
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Wkh sduwldo ghulydwlyh ri wkh ghod| zlwk uhvshfw wr �$$ lv jlyhq e|=
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Wklv uhvxow lv wuxh iru dq duelwudu| vrxufh dqg edvholqh1 Iru rxu sduwlfxodu fkrlfh ri edvholqh zh

kdyh=
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Qrwh wkdw wkh sduwldo ghulydwlyh ri wkh |0frpsrqhqw lv 31 Wklv pdnhv vhqvh/ ehfdxvh urwdwlrqv

derxw wkh d{lv ri wkh edvholqh/ lq wklv fdvh/ wkh |0gluhfwlrq/ ohdyh wkh ghod| lqyduldqw1 Khqfh zh duh

qrw vhqvlwlyh wr wklv frpsrqhqw ri HRS1 Wkhuh duh 7 srwhqwldoo| qrq0ydqlvklqj frpsrqhqwv ri wkh

qrupdo pdwul{ Q =

Q%% @ U
2

K,

[

JKr

+vlq��,
2 4

�
2

�

Q55 @ U
2

K,

[

JKr

�
frv*� frv��

�
2 4

�
2

�

Q%5 @ Q5% @ �U
2

K,

[

JKr

�
vlq�� frv*� frv��

� 4

�2�

5



Khuh Q%% hwf1 lv wkh qrupdo htxdwlrq pdwul{ hohphqw iru wkh [sroh0[sroh dqg wkh vxp lv ryhu doo
ri wkh revhuydwlrqv1 Li zh dvvxph wkdw 41, zh kdyh orwv ri revhuydwlrqv 5, wkdw wkh| duh xqlirupo|
glvwulexwhg dqg 6, wkh revhuydwlrq huuruv duh frqvwdqw/ wkhq zh fdq uhsodfh wkh deryh vxpv e|
lqwhjudov=
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Khuh wkh lqwhjudwlrq lv ryhu doo sduwv ri wkh vn| zklfk duh pxwxdoo| ylvleoh1 Wkh idfwru lq iurqw lv
d qrupdol}dwlrq idfwru zklfk lqvxuhv zh jhw wkh fruuhfw ydoxh +Qxpbrev@�2, li i+�> *, @ 41 Wklv

qrupdol}dwlrq idfwru lv wkh vdph iru doo pdwul{ hohphqwv1 Vlqfh doo L dp lqwhuhvwhg lq lv wkh uhodwlyh

vl}h ri irupdo huuruv/ wklv fdq eh ljqruhg1 Zlwk wkhvh revhuydwlrqv/ wkh vxpv fdq eh uhsodfhg e|

lqwhjudov=
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zkhuh wkh dqjxodu lqwhjudwlrq
U
g lv uhvwulfwhg wr wkdw sduw ri wkh vn| zklfk lv pxwxdoo| ylvleoh

wr erwk vlwhv1 Wkh wklug lqwhjudo ydqlvkhv vlqfh wkh frqwulexwlrq ri vlq� rq rssrvlwh vlghv ri wkh

htxdwru fdqfhov rxw1 Zh qrz wxuq wr ydoxdwlqj wkh rwkhu wzr lqwhjudov1

Li wkh fxwr� dqjoh lv 3/ wkhq wkh lqwhjudwlrqv fdq eh grqh h{solflwo|1 Wkh pxwxdoo| ylvlelolw|
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iurp zklfk lw iroorzv wkdw
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Qrwh wkdw wkh irupdo huuruv iru wkh } frpsrqhqw ri HRS duh dozd|v vpdoohu wkdq iru wkh { frpsr0

qhqw1 Wkh udwlr ri wkh wzr lv=
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Li zh duh lqwhuhvwhg lq wkh �qrupdol}hg� qrupdo htxdwlrqv/ zh qhhg wr fdofxodwh wkh qrupdol}dwlrq

idfwru/ zklfk lv hdv| wr gr=
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Khqfh wkh qrupdol}hg qrupdo pdwul{ hohphqwv duh=
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Wkh udwlr ri wkh irupdo huuruv uhpdlqv wkh vdph1 Wkh vhsdudwlrq ehwzhhq wkh vwdwlrqv ydulhv ehwzhhq

3 dqg 4;3 ghjuhhv1 Wkh udwlr ri wkh irupdo huuruv ydulhv ehwzhhq 4 dqg 4@
s
5 dv looxvwudwhg lq wkh
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Iljxuh 41 Udwlr ri irupdo huuruv iru HRS yv vhsdudwlrq lq ghjuhhv

6 Frruglqdwh Lqghshqghqw Irup ri Qrupdo Pdwul{

Lq wkh suhylrxv vhfwlrq L ghulyhg wkh HRS qrupdo htxdwlrq iru d vlqjoh edvholqh1 Lq wklv vhfwlrq

L uhfdvw lw lq d irup zklfk lv vxlwdeoh iru xvh iru duelwudu| edvholqhv1 Frqvlghu dq duelwudu| edvh0

olqh gh�qhg e| wzr vwdwlrqv �$u� dqg �$u� = Wklv edvholqh kdv d qdwxudo ruwkrjrqdo wulsohw ri yhfwruv

dvvrfldwhg zlwk lw=
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Wkhvh duh wkh �OYW� xqlw yhfwruv�ohqjwk/ yhuwlfdo dqg wudqvhuyhvh xqlw yhfwruv1 Dvvxplqj xqlirup

vn| fryhudjh/ wkh frqwulexwlrq ri wklv edvholqh wr wkh HRS qrupdo pdwul{ lv jlyhq e|=
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Wkh dqjoh � lv wkh dqjoh ehwzhhq wkh wzr vwdwlrqv1 Lw lv reylrxv iurp wklv wkdw wkh wudqyhuvh

frpsrqhqw ri HRS lv ehwwhu ghwhuplqhg wkdq wkh yhuwlfdo frpsrqhqw1 Wklv irupxod doorzv xv wr

fdofxodwh wkh HRS qrupdo htxdwlrqv iru dq duelwudu| edvholqh1 Li zh kdyh vhyhudo edvholqhv zh mxvw

vxp ryhu doo ri wkhp1
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7 Edvholqhv Vsdfhg Dorqj dq Htxlodwhudo Wuldqjoh

Zh qrz wxuq wr wkh vshfldo fdvh ri wkuhh vwdwlrqv htxdoo| vsdfhg dorqj wkh htxdwru1 Iru vlpsolflw|/

zh dvvxph wkdw wkh| duh vsdfhg dw 	93/ dqg 4;31 Fdoo wkh wkuhh vwdwlrqv
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Wkh dvvrfldwhg edvholqhv duh=

�$

Un3 @

�$

Un �

�$

U
3

@ u

s
6+3> 4> 3,

�$
U �Hf� @

�$

U �Hf �
�$

Un3 @ u+
6

5
>

s
6

5
> 3,

Wkh edvholqh yhuwlfdo xqlw yhfwruv iru wkh wkuhh edvholqhv duh=
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Wkh edvholqh wudqvyhuvh xqlw yhfwru lv wkh vdph iru doo wkuhh edvholqhv/ dqg lv jlyhq e|=
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Wkh wrwdo HRS qrupdo htxdwlrq lv jlyhq e| wkh vxp=

Q|J| @ QT T +ehT cn3  ehT cn3 . ehT c�Hfn  ehTc�Hfn . ehT c�Hf3  ehTc�Hf3,. 6QAA ehA
fhA

Zklfk/ diwhu vlpsol�fdwlrq/ wdnhv wkh irup=

Q|J| @

3
EC

�

2
QT T 3 3

3
�

2
QT T 3

3 3 6QAA

4
FD
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Wkh udwlr ri wkh irupdo huuruv lv=
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Khqfh iru wklv fdvh XW4 lv ghwhuplqhg urxjko| wzlfh dv zhoo dv [ ru \ sroh1

8 HRS dffxudf| iru d uhjxodu sro|khgurq1

Iru wkh pruh jhqhudo fdvh zkhuh zh kdyh q vwdwlrqv vsdfhg durxqg wkh htxdwru dqg |rx dvvxph

wkdw vwdwlrqv revhuyhg rqo| zlwk wkhlu qhduhvw qhljkeru/ |rx fdq vkrz wkdw wkh qrupdo pdwul{ wdnhv

wkh irup=

Q|J| @

3
EC

?

2
QT T 3 3

3
?

2
QT T 3

3 3 qQAA

4
FD

Wkh [ dqg \ sroh irupdo huuruv duh htxdo/ dqg jr olnh

�% @ �+ @

u
5

q

4

UK,

u
6

5

v
4

� � �

@

4

UK,

v
6

q� 5

4

�

zkhuh L kdyh xvhg � @ 5�@q1 Wkh irupdo huuruv iru wkh XW4 duh=

�5 @

u
4

q

4

UK,

v
6

5

4

� � �. vlq�

@
4

UK,

4
s
5

v
6

�+q� 5, . q vlq 2Z

?

zkloh wkh udwlrv ri wkh huuruv duh=
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khqfh wkh irupdo huuruv iru wkh XW4 frpsrqhqw duh vpdoohu e| dw ohdvw d idfwru
s
5 wkhq iru wkh srodu

prwlrq frpsrqhqwv1 Wklv frqfoxvlrq lv wuxh hyhq li zh uhod{ wkh dvvxpswlrq ri qhduhvw qhljkeru

revhuydwlrq1 Iljxuh 5 ehorz sorwv wkh udwlr ri wkh irupdo huuruv dv d ixqfwlrq ri qxpehu ri yhuwlfhv

ri wkh sro|khgurq1 Wklv udwlr lv jhqhudoo| forvh wr 3181

:



0.2

0.4

0.6

0.8

1

1.5 2 2.5 3 3.5 4 4.5 5Number of Vertices

Iljxuh 51 Udwlr ri HRS irupdo huuruv iru uhjxodu sro|khgurq1

;


